Abstract. Let G be a compact connected Lie group with maximal torus T , and H a closed subgroup containing T . We compute the equivariant cohomology ring and the equivariant characteristic numbers of the homogeneous space G/H under the natural action of the maximal torus T . The computation is based on the localization theorems of Borel and of Atiyah-Bott-Berline-Verligne.
Following Borel [3] , the equivariant cohomology H * T (M ) is defined to be the singular cohomology of the homotopy quotient M T . Throughout this paper, cohomology will be taken with rational coefficients.
We will first consider the special case of G/T , where both the method and the result are more transparent. An example of this case is the space of complete flags in C n :
This space can be represented as the homogeneous space U (n)/T , where U (n) is the unitary group and T its maximal torus of diagonal unitary matrices. One can associate to a character χ : T − → GL(C) a complex line bundle S χ over the classifying space BT , for since T acts on C by the character χ, the mixing construction gives S χ := ET × χ C := (ET × C)/ ∼, with (et, v) ∼ (e, χ(t)v), for (e, v) ∈ ET × C and t ∈ T.
If ℓ = dim T , then the character group of T is a finitely generated free abelian group of rank ℓ. Let χ 1 , . . . , χ ℓ be a basis for the character group of T and let
be the first Chern class of the line bundle S χi . Then
Similarly, since G − → G/T is a principal T -bundle, the mixing construction associates to each character χ : T − → GL(C) a complex line bundle L χ over G/T :
Let y i = c 1 (L χi ) be the first Chern class of the complex line bundle L χi . Since L χ is an equivariant T -bundle over G/T , it induces a line bundle (L χ ) T over the homotopy quotient (G/T ) T . Letỹ i = c 1 ((L χi ) T ) be the equivariant first Chern class of L χi . We may think of theỹ i as equivariant extensions of the y i .
Let N G (T ) be the normalizer of the torus T in G. The Weyl group W G := N G (T )/T acts on the characters of T by w.χ = χ • w −1 or (w.χ)(t) = χ(x −1 tx) if w = xT and t ∈ T.
We define an action of the Weyl group on Q[u 1 , . . . , u ℓ ] by setting w.u i = c 1 (S w.χi ),
and extending this as a ring homomorphism to polynomials in Q[u 1 , . . . , u ℓ ].
We define similarly an action of the Weyl group W G on Q[y 1 , . . . , y ℓ ] by setting w.y i = c 1 (L w.χi ).
A similar action exists on Q[ỹ 1 , . . . ,ỹ ℓ ].
Theorem 1. Let G be a compact connected Lie group and T a maximal torus in G.
Denote by ℓ the dimension of T . Then the equivariant rational cohomology ring of G/T under left multiplication by T is
Now suppose H is a closed subgroup of G containing the maximal torus T . Then T is also a maximal torus in H. Therefore, in addition to the Weyl group W G of T in G, we also have the Weyl group of T in H,
where N H (T ) is the normalizer of T in H.
Let S be the polynomial ring Q[ỹ 1 , . . . ,ỹ ℓ ]. As noted above, the Weyl group W G acts on the characters of T and hence on S. Theorem 2. Let G be a compact connected Lie group with maximal torus T , and H a closed subgroup containing T . Let ℓ be the dimension of T . Then the equivariant rational cohomology ring of G/H under left multiplication by T is
where J is the ideal generated p(y) − p(u) for all W G -invariant homogeneous polynomials p of positive degree in ℓ variables.
We prove Theorem 2 by using the fact that the Weyl group W H acts on H * (H?T ) as the regular representation and therefore H * T (G/H) is the set of W H -invariants of H * T (G/T ). Theorem 2 then follows from Theorem 1. The two theorems of Borel alluded to earlier are the following.
Theorem (Borel localization theorem ( [3] , Prop. 3.6, pp. 54-55)). Suppose a torus T acts on a manifold M with fixed point set F . Let S = H * (BT ). Then both the kernel and cokernel of the restriction homomorphism
Theorem (Rational cohomology ring of G/H [4] ). Let G be a compact connected Lie group with maximal torus T . Suppose H is a closed subgroup containing T . Let W G and W H be the Weyl groups of T in G and in H respectively. Denote the polynomial ring Q[y 1 , . . . , y ℓ ] by S. Then
, where (S WG + ) is the ideal in S WH generated by W G -invariant homogeneous polynomials of positive degree.
The computation of equivariant characteristic numbers involves three steps: 1) the determination of the equivariant cohomology ring H * T (G/H), 2) expressing the characteristic classes of G/H in terms of the generators of the ring H * T (G/H), 3) a push-forward formula
that evaluates a monomial in the characteristic classes.
In Sections 13-15, we carry this out in the following three cases: i) the equivariant Chern numbers of G/T , where T a a maximal torus in G, ii) the equivariant Chern numbers of G/P , where P is a parabolic subgroup, and iii) the equivariant Pontrjagin numbers of G/H, where H is any closed subgroup of G containing T .
For the special cases of the complex projective space, the complex Grassmannian, and the complex complete flag manifold, we work out the equivariant Chern number formulas in Sections 9-11.
Notation. Throughout this paper the subscript T indicates the equivariant analogue of an object or construction. For example, if E is a T -equivariant complex vector bundle over M , then E T is the induced vector bundle over the homotopy quotient M T and c T (E) is the equivariant total Chern class of E. To simplify the notation, starting in Section 8 we write y i instead ofỹ i to denote the equivariant first Chern class of L χi .
Fixed points of T acting on G/T
We will compute the equivariant cohomology of G/T by applying the Borel localization theorem. For this, it is necessary to know the fixed points of the action.
Proposition 3.
If G is a compact Lie group and T is a maximal torus in G, let N G (T ) be the normalizer of T in G and let T act on G/T by left multiplication. Then the fixed point set of the action is N G (T )/T , the Weyl group of T in G.
Proof. The coset xT is a fixed point
Bundles on G/T associated to characters
We associate to a character χ :
There is an action of the torus T on L χ :
where [g, v] is the equivalence class of (g, v) ∈ G × C. This action is compatible with the action of T on G/T in the sense that the diagram
?
commutes for all t ∈ T . Therefore, L χ − → M = G/T is a T -equivariant line bundle and induces a line bundle (L χ ) T over the homotopy quotient M T . At a fixed point in G/T , the group T acts on the fiber of L χ . By Prop. 3, the fixed points are precisely the elements of the Weyl group W G .
Proposition 4.
At the fixed point w = xT ∈ W G , the torus T acts on the fiber of the line bundle L χ as the representation w.χ.
Proof. The fiber of L χ at a fixed point xT consists of elements of the form
Hence, under the identification [x, v] ↔ v, the torus T acts on the fiber (L χ ) w as the representation w.χ. 
Here by ⊗ we mean the tensor product over Q. This shows that H * T (M ) is a free S-module of rank equal to dim H * (G/T ).
Moreover, because the differentials in the spectral sequence all vanish, the classes y 1 , . . . , y ℓ extend to global classes on M T . Indeed, since y i = c 1 (L χi ) is the first Chern class of a T -equivariant line bundle on M , its global extension is
is generated as a Q-algebra by u 1 , . . . , u ℓ ,ỹ 1 , . . . ,ỹ ℓ , and it remains only to determine the relations they satisfy.
4.
Multiplicative structure of H * T (G/T ) Let w = xT be a fixed point of T acting on M = G/T , and denote the fiber of the line bundle L χ at w by (L χ ) w . Then there is a commutative diagram
where the horizontal arrows are inclusions. Passing to homotopy quotients, this commutative diagram induces a commutative diagram
By Proposition 4, (L χi ) w is the representation w.χ i . Therefore, ((L χi ) w ) T is the line bundle S w.χi over BT and
Thus,
Since this is true at any fixed point w,
where i * F denotes the restriction to the fixed point set F . By the Borel localization theorem, the kernel of the restriction map
is a torsion S-module. Since H * T (M ) is a free S-module, the kernel must be 0. Therefore, i * F is injective. So we obtain the relations
. . , u ℓ ,ỹ 1 , . . . ,ỹ ℓ ] generated by all the polynomials in (3). Then there is a surjective ring homomorphism
From the spectral sequence of the fibering (1), we know that H * T (G/T ) is a free Smodule of rank equal to dim H * (G/T ). To prove that φ is an isomorphism, it suffices to show that (S ⊗ S)/J is a free S-module of the same rank. Note that
since the tensor product over S W is obtained from the tensor product over Q by dividing out by the ideal generated by elements of the form
So (S ⊗ S)/J is a free S-module of rank equal to dim H * (G/T ). This proves that φ is an isomorphism. Finally, viewingỹ i as simply indeterminates, we may drop the tilde without changing the ring structure. This concludes the proof of Theorem 1.
The equivariant cohomology ring of G/H
As before, G is a compact connected Lie group with maximal torus T . Suppose H is a closed subgroup of G containing T , and T acts on G/H by left multiplication. Once H * T (G/T ) is known, we can deduce the equivariant cohomology ring of G/H from that of G/T by a simple representation theory argument. The key is the fibering π : G/T − → G/H with fiber H/T . The Weyl group W H acts on all three spaces by right multiplication, with the action being trivial on G/H: if w ∈ N H (T ), then (gH).w = gwH = gH.
The projection map π : G/T − → G/H is clearly T -equivariant and induces a map of homotopy quotients
which is also a fiber bundle with fiber H/T .
Since the right action of W H on G/T and G/H commute with the left action of T , the Weyl group W H also acts on the homotopy quotients (G/T ) T and (G/H) T . Of course, its action on (G/H) T is trivial. Proof. In the spectral sequence of the fibering
both H * (BT ) and H * (G/H) have only classes of even degrees. For dimension reasons, the spectral sequence degenerates at the E 2 term and additively,
which shows that H * T (G/H) have only classes of even degrees.
Theorem 6. Under the same hypotheses as in Theorem 2,
Proof. The spectral sequence for the fibering
degenerates at the E 2 term because H * T (G/H) and H * (H/T ) have only classes of even degrees. Hence, additively, 
It follows from Theorem 1 that
where as before, J is the ideal generated by p(ỹ) − p(u) for all p ∈ S WG + . This proves Theorem 2.
Fixed points of T acting on G/H
To compute the equivariant characteristic numbers of G/H under left multiplication by T , it will be necessary to know (i) the fixed points of the action, and (ii) the restriction of an equivariant cohomology class on G/H to the fixed point set. These may be determined by the same method as in the proof of Theorem 1.
The quotient space W G /W H can be viewed as a subset of G/H via
Proof. The coset xH is a fixed point
Since any two maximal tori in H are conjugate by an element of H, there is an element h ∈ H such that
Therefore, xh ∈ N G (T ), and xH = xhH. Thus any fixed point can be represented as yH for some y ∈ N G (T ). Conversely, if y ∈ N G (T ), then yH is a fixed point. It follows that there is a surjective map
and hence a bijection
Restriction of an equivariant class to a fixed point
If w = xH ∈ G/H, with x ∈ N G (T ), is a fixed point of the action of T on G/H, let i xH : {xH} − → G/H be the inclusion of the point xH and π : G/T − → G/H the projection. In the commutative diagram
π all the maps are T -equivariant and so induce a diagram of homotopy quotients
We use the same letters to denote the induced maps. Let p be a W H -invariant polynomial in ℓ variables. By Theorem 2, p(ỹ 1 , . . . ,ỹ ℓ ) ∈ H * T (G/T ) may be identified with a class on (G/H) T . Then
(by (2)).
We state this result as a proposition.
Using Prop. 7 and 8, one can give another proof of Theorem 2, using the Borel localization theorem, along the line of the proof of Theorem 1, but we shall not do so. 
with the identification given by
A maximal torus in U (n + 1) is
Under the identification (5), left multiplication of G/H by t ∈ T corresponds to t.[z 0 , . . . , z n ] = [t 0 z 0 , . . . , t n z n ] for t = (t 0 , . . . , t n ) ∈ T and [z 0 , . . . , z n ] ∈ CP n .
The Weyl group W G is S n+1 , the permutation group on n + 1 letters. The Weyl group W H consists of those permutation matrices in H = U (1) × U (n), i.e.,
By the fundamental theorem on symmetric polynomials,
where
. . , y n ) = ith elementary symmetric polynomial in y 1 , . . . , y n .
By Theorem 2,
As the generators of J we may take
for i = 1, . . . n + 1; these are precisely the homogeneous terms of the polynomial
Actually, it will be more convenient to substitute
Then Eq. (6) becomes
Equating homogeneous terms of the same degree,
Hence,
. . .
Therefore, in H * T (CP n ) we may eliminate all the variables d 1 , . . . , d n , and there is a single relation among u 0 , . . . , u n , x:
.
Define χ i (t 0 , . . . , t n ) = t i for i = 0, . . . , n. Then {χ 0 , . . . χ n } is a basis of characters on T , and the associated line bundle L χ0 is the universal subbundle on CP n . With this choice, x = −y 0 = c 1 ((L * χ0 ) T ) is the equivariant hyperplane class on CP n .
Equivariant Chern numbers of CP n
On CP n the universal subbundle S and the universal quotient bundle Q fit into the tautological exact sequence
where π : CP n − → pt is the constant map to a base point and π * C n+1 is the trivial bundle of rank n + 1 over CP n . The action of the torus T ⊂ U (n + 1) on CP n induces an action on all these bundles. We will write ⊕C χi instead of C n+1 to indicate that T acts on C χi by the character χ i .
Tensoring (7) by the dual bundle S * gives
In this exact sequence the torus T acts trivially on C, and S * ⊗ Q is isomorphic to the tangent bundle T (CP n ). As an exact sequence of T -equivariant maps over CP n , it induces an exact sequence of bundles over the homotopy quotient (CP n ) T :
By the Whitney product formula, the equivariant total Chern class of CP n is
In this expression, u i is really π * u i , but it is customary to omit the π * . Therefore, to evaluate the equivariant Chern numbers of CP n , it suffices to have a formula for π * x m in H * T (pt) = Q[u 0 , . . . , u n ] for any positive power x m of the equivariant hyperplane class x. This we can do using the ABBV localization formula.
The fixed points of the action of T on CP n are the standard vectors e 0 , . . . , e n , where e i = (0, . . . , 1, . . . , 0) corresponds to the permutation w = (0, i) of {0, . . . , n} that transposes 0 and i. As we saw in (2), the restriction of x = −y 0 to e i is given by
The normal bundle ν ei of e i in CP n is the tangent space at e i :
and the equivariant Euler class of ν ei is
Finally, by the ABBV localization theorem,
Remark. The push-forward formula (9) leads to various identities of rational functions in the u i 's, since the left-hand side is zero for 0 ≤ m ≤ n − 1.
Equivariant Chern numbers of the complex Grassmannian
As a homogeneous space, the Grassmannian G(k, n) of k-planes in C n is diffeomorphic to G/H, with G = U (n) and
is given by A ∈ U (n) → the k-space spanned by the first k columns of A.
The Weyl groups W G and W H of the maximal torus T = U (1) × · · · × U (q) are the symmetric group S n and the product S k × S n−k respectively.
The maximal torus T acts on C n by left multiplication. This action induces an action on G(k, n), which corresponds to left multiplication on U (n)/(U (k) × U (n − k)) under the identification (10).
By Theorem 2, the rational equivariant cohomology ring of the Grassmannian G(k, n) under the torus action is
In this formula, the notation (p(u, y)) means the ideal generated by the homogeneous terms of the polynomial p(u, y).
Let s 1 , . . . , s k be the elementary symmetric polynomials in y 1 , . . . , y k and let q 1 , . . . , q n−k be the elementary symmetric polynomials in y k+1 , . . . , y n . Then Eq. (11) can be rewritten in the form
Using the relation
one can eliminate all the q i from H * T (G(k, n)); in other words, H * T (G(k, n)) is generated as an algebra over Q[u 1 , . . . , u n ] by s 1 , . . . , s k with relations given by terms of degree > 2(n − k) in (12). In computing degrees, keep in mind that deg u i = 2 and deg
Tensoring the tautological exact sequence
since the tangent bundle T (G(k, n)) is isomorphic to S * ⊗ Q. As in the case of CP n , this in turn gives rise to an exact sequence over the homotopy quotient G(k, n) T :
The Chern classes of the various bundles are
Applying the Whitney product formula to (13) gives the equivariant total Chern class of G(k, n):
Since this expression is symmetric in y 1 , . . . , y k , it is a formal power series in s 1 , . . . , s k , the equivariant Chern classes of the universal subbundle S on G(k, n).
It is easy to see that the fixed points of the torus action on G(k, n) are the k-planes
The k-plane e I corresponds to the permutation
where the two sets of numbers I = {i 1 , . . . , i k } and J = {j 1 , . . . , j n−k } both in increasing order and are complementary in {1, . . . , n}. This is the correspondence
The tangent space at e I to G(k, n) is S * eI ⊗ Q eI . So the equivariant normal bundle at e I is
and the equivariant Euler class of the normal bundle ν eI at e I is
where J = {1, . . . , n} − I. By Prop. 8, the restriction of s i to the fixed point e I is i *
where w is the permutation (15) corresponding to the fixed point e I .
By the ABBV localization formula,
where I runs over all multi-indices 1 ≤ i 1 < · · · < i k ≤ n and σ i = σ i (u i1 , . . . , u i k ) is the ith elementary symmetric polynomial. Formulas (14) and (16) enable us to compute any equivariant Chern number of G(k, n).
11. Equivariant Chern numbers of the flag manifold F ℓ(C n )
As a set the flag manifold F ℓ(C n ) consists of all the flags
It is a complex manifold of complex dimension (n 2 − n)/2. The flag (17) can be represented by a unitary matrix A, with V i spanned by the first i columns of A.
The unitary group U (n) acts transitively on F ℓ(C n ) with stabilizer
By Theorem 1, the rational equivariant cohomology ring of F ℓ(C n ) under the standard torus action is
On F ℓ(C n ) there are tautological complex line bundles Q 1 , . . . , Q n : the fiber of Q i at the flag (17) is the quotient space V i+1 /V i . Note that Q i is the complex line bundle associated to the character χ i of T . It is well known that the holomorphic tangent bundle of F ℓ(C n ) is diffeomorphic to ⊕ 1≤i<j≤n Hom(Q i , Q j ). Hence, the equivariant total Chern class of F ℓ(C n ) is
The fixed points of the torus action on F ℓ(C n ) are the permutations in the Weyl group W G = S n , with the permutation σ corresponding to the flag represented by the unitary matrix
By (2), the restriction of y i to the fixed point e σ is i * eσ y i = u σ(i) . At e σ , the normal bundle is the tangent space
Hence, the equivariant Euler class of ν eσ is
By the Atiyah-Bott localization theorem, the push-forward formula is
12. The tangent bundle of G/H Let G be a Lie group with Lie algebra g, and H a closed subgroup with Lie algebra h.
Proposition 9. The tangent bundle of G/H is diffeomorphic to the vector bundle G × H (g/f rakh) associated to the principal H-bundle G − → G/H via the adjoint representation of H on g/h.
Proof. For g ∈ G, let ℓ g : G/H − → G/H denote left multiplication by g. Then ℓ g is a diffeomorphism and its differential
To show that φ is well-defined, pick another representative of [g, v] , say [gh, Ad(h
since right multiplication r h on G/H is the identity map. It is clear that φ is an isomorphism on each fiber. Moreover, writing φ out in terms of local coordinates shows that φ is C ∞ .
Equivariant Chern numbers of G/T
When G is a compact connected Lie group and T is a maximal torus in G, then G/T can always be given a complex structure ( [9] ). Indeed, the adjoint representation of T on the Lie algebra g of G decomposes g into a direct sum
where each E α is a 2-dimensional real vector space and α runs over a system of positive roots of G. By a suitable choice of orientation on the E α , we may identify each E α with a 1-dimensional complex vector space C α , and α with a complex character of T . Then the holomorphic tangent bundle of G/T is diffeomorphic to the complex vector bundle on G/T associated to the principal T -bundle G − → G/T via the representation ⊕ α∈ + C α of T . In our earlier notation, the complex line bundle on G/T associated to the representation α is L α . Hence, the holomorphic tangent bundle of G/T is
By Th. 1, the rational equivariant cohomology ring of G/T is
By (20) the equivariant total Chern class of G/T is
This is an expression in terms of u i and y j , and so is computable as soon as one knows how to write the positive roots α in terms of the basic characters χ 1 , . . . , χ ℓ . This is of course well known for the classical and exceptional Lie groups.
It remains to find a push-forward formula π * :
Recall that the fixed point set of the action of T on G/T by left multiplication is the Weyl group W G ⊂ G/T (Prop. 3) and that at each fixed point w in W G , the fiber (L α ) w is the representation w.α of T (Prop. 4). This representation induces the line bundle S w.α on the classifying space BT . Hence, the equivariant Euler class of the normal bundle ν w at w is
Also recall that by Eq. (2), the restriction of y i to a fixed point w is 
The Weyl group W G is the symmetric group S n , and a system of positive roots is
Hence, (21) and (22) become
and
These two formulas agree with Eq. (18) and (19).
Equivariant Chern numbers of G/P
When G is a compact connected Lie group and H is a closed subgroup of maximal rank, the quotient space G/H need not have a complex structure. By a theorem of Wang [9] , G/H has a complex structure if and only if H is the centralizer of a torus in G. Such a subgroup is called a parabolic subgroup of G and will henceforth be denoted P .
The adjoint representation of T on the Lie algebra g of G has the Lie algebra p of P as an invariant subspace. Let + (P ) denotes the positive roots of G that are roots of P . Then
In this case, the holomorphic tangent bundle of G/P is diffeomorphic to the complex vector bundle associated to the principal G-bundle G − → G/P via the representation m of P . When pulled back to G/T , this bundle is ⊕ α∈
(Since H * T (G/P ) injects into H * T (G/T ), we may express the Chern classes of G/P in terms of generators of H * T (G/T ).) Let w ∈ W G /W P be a fixed point of the action of T on G/P . The equivariant normal bundle (ν w ) T at w is
and so the equivariant Euler class of the normal bundle ν w is
By the ABBV localization theorem, the push-forward formula π * :
Example 11. For the complex Grassmannian G(k, n), G = U (n) and P = U (k) × U (n − k). a choice of positive roots for P is
By (23), the equivariant total Chern class of the Grassmannian is
The Weyl groups W G and W P are the symmetric group S n and the product S k ×S n−k respectively. Let I be a multi-index (i 1 , . . . , i k ) of length k in increasing order and let J be a multi-index (j 1 , . . . , j n−k ) of length n − k in increasing order. Since every coset in S n /(S k × S n−k ) has a unique representative σ such that σ(1) < · · · < σ(k) and σ(k + 1) < · · · < σ(n),
there is a one-to-one correspondence W G W P = S n S k × S n−k ←→ {(I, J) | I ∪ J = {1, . . . , n}} σ ∈ S n → (I, J),
where I is the set {σ(1), . . . , σ(k)} in increasing order, and J is the complement {1, . . . , n} − I in increasing order. If α = χ . . . u mn j n−k i∈I j∈J
where J = {j 1 , . . . , j n−k } is the complement of I in {1, . . . , n} and the elements of J are in increasing order. The two formulas (25) and (27) agree with the special cases (14) and (16) obtained earlier.
The Pontrjagin numbers of G/H
In the general case, where G is a compact connected Lie group, T a maximal torus in G, and H a closed subgroup of G containing T , the quotient G/H is always a real manifold. So it makes sense to ask for its Pontrjagin numbers.
We define the Pontrjagin classes of a real vector bundle E to be the Chern classes of its complexification E ⊗ C (see [5] , p. 289).
Let h be the Lie algebra of H. Since H contains T ,
(This implies in particular that the dimension of G/H is even.) Hence, the tangent space to G/H at the identity is
Its complexification is
So the complexified tangent bundle of G/H is diffeomorphic to the complex vector bundle associated to the principal H-bundle G − → G/H via the representation ⊕ α∈ + − + (H) (C α ⊕ C α −1 ) of H. When pulled back to G/T , this is the bundle
Hence, the equivariant total Pontrjagin class of G/H is p T (G/H) = .
By Prop. 7, the fixed point set of the torus action is W G /W H . For each w ∈ W G /W H , the tangent space to G/H at w is
It follows that the equivariant Euler class of the normal bundle at w is e T (ν w ) = .
